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Abstract. Assuming the absence of Q-points (which is consistent with ZFC) 
we prove that the free topological group F{X) over a Tychonov space X is 
o-bounded if and only if every continuous metrizable image T of X satisfies 
the selection principle [Jjjj^{0,Q) (the latter means that for every sequence 
(Mn)n6u of Open covers of T there exists a sequence {vn)n£Lj such that Vn S 
[tin]^" and for every F £ [X]^'^ there exists n £ ui with F C UVn). This 
characterization gives a consistent answer to a problem posed by C. Hernandes, 
D. Robbie, and M. Tkachenko in 2000. 



1. Introduction 

In this paper we present a (consistent) characterization of topological spaces X 
whose free topological group F{X) is o-bounded, thus resolving the corresponding 
problem posed by C. Hernandes, D. Robbie, and M. Tkachenko in [5]. 

We recall that a topological group G is said to be o-bounded if for every sequence 
{Un)neLu of neighborhoods of the neutral element e of G there is a sequence {Fn)nGuj 
of finite subsets of G such that G = IJnew ' This notion was introduced by 
O. Okunev and M. Tkachenko as a covering counterpart of a cr-bounded group, see 
e-g- [E] for the discussion of this subject. It is clear that each cr-bounded group 
(that is, a subgroup of a a-compact topological group) is o-bounded. 

Our aim is to detect topological spaces X with o-bounded free (abelian) topo- 
logical group. By a free abelian topological group over a Tychonov space X we 
understand an abelian topological group A{X) that contains X as a subspace and 
such that each continuous map cj) : X ^ G into an abelian topological group G 
extends to a unique continuous group homomorphism $ : A{X) — > G. Deleting the 
adjective "abelian", wc obtain the definition of a free topological group F{X) over 
X. 

Tychonov spaces X with o-bounded free abelian topological group A{X) were 
characterized by the third author [T7j as spaces all of whose continuous metrizable 
images are Scheepers spaces. We recall that a topological space X satisfies the 
selection principle [jfi„{0, O) (resp. ^)) ^l^e is said to be Menger (resp. 

Scheepers) if for any sequence {Un)neui of open covers of X each cover Un contains 
a finite subfamily V„ C Un such that {UVn)neuj is a cover (an o^-cover) of X. A 
cover W of a set X is called an lu- cover if each finite subset F C X lies in some 
element U €L{ oi the cover U. 
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It is clear that each Scheepers space is a Menger space. The converse follows 
from the inequality u < g (which holds in some models of ZFC), see [16]. On the 
other hand, under CH there is a Menger metrizable space that fails to be Scheepers, 
see [i Theorem 2.8]. 

The following theorem proved in [17j characterizes Tychonov spaces X with o- 
bounded free abelian topological group A{X). 

Theorem 1.1. The free abelian topological group A{X) over a Tychonov space X 
is o-bounded if and only if each continuous metrizable image of X is Scheepers. 

In this paper, assuming the absence of Q-points, we shall prove a similar charac- 
terization of o-bounded free topological groups F{X). By a Q-point we understand 
a free ultrafilter 14 on lu such that each finite-to-one function / : a; ^ a; is injective 
on a suitable set U GU. 

The following characterization is the principal result of this papeiQ- 

Theorem 1.2. // there is no Q-point, then for every Tychonov space X the fol- 
lowing conditions are equivalent: 

(1) All finite powers of the free topological group F{X) are o-bounded; 

(2) The free topological group F{X) is o-bounded; 

(3) The free abelian topological group A(X) is o-bounded; 

(4) Every continuous metrizable image of X is Scheepers. 

The existence of Q-points is independent from ZFC. One can easily construct 
Q-points under Continuum Hypothesis. On the other hand, since under NCF for 
every ultrafilter J- there exists a monotone surjection : w — > such that 
is generated by u sets and u < £) by [H Theorem 1], and obviously no Q-point 
can be generated by less than £) sets, NCF implies that there are no Q-points. In 
particular, there are no Q-points in the models of u < Jl. 

At this point we would like to mention that one of the most important problems 
regarding the o-boundedness is whether this property is preserved by squares of 
topological groups. This problem was first solved in [TU] under additional set- 
theoretic assumptions, which were further weakened to r > () by Mildenberger [TT] . 
The apparently most intriguing part of this problem left open after [10] and [11] 
is whether the square of an o-bounded group is o-bounded provided NCF (or even 
u < g) holds. From the above it follows that free topological groups can not be 
used to solve this problem. 

The proof of Theorem 11.21 is nontrivial and relies on the theory of multicovered 
spaces developed in 4 . The necessary information related to multicovered spaces is 
collected in Section|2l In that section we also define the operation of the semi-direct 
product of multicovered spaces. In Section [3] we recall some information related to 
the F-Menger property in multicovered spaces and prove an important Theorem l3.6l 
on preservation of the [.F] -Menger property by semi-direct products of multicovered 
spaces. In Section |4] we characterize the F-Menger property in (semi)multicovered 
groupoids. Those are multicovered spaces endowed with a binary and unary opera- 
tions that are compactible with the multicover in a suitable sense. In Sections E] [71 
|5]we apply the obtained results about semi-multicovered groupoids to detecting the 

^It was announced in [4] that Theorem ll.2l is true without any additional set-theoretic assump- 
tions, but that proof does not work under the existence of a Q-point, see our Theorem 16.41 
^The assertion "6 = and there are no Q-points" is consistent as well, see |12| . 
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F-Menger property in topological groups and topological monoids. These results 
provide us with tools for the proof of Theorem 11.21 which is given in Section [91 

2. MULTICOVERED SPACES 

By a multicovered space we understand a pair (X, /i) consisting of a set X and a 
family fi of covers of X. Such a family /i is called the multicover of X. Multicovered 
spaces naturally appear in many situations. In particular, 

• each topological space X has the canonical multicover fj,o consisting of all 
open covers of X; 

• each uniform space {X, U) possesses the canonical multicover 

= {{U{x) : X G X} : U £ consisting of uniform covers of X] 

• each metric space (X, d) has the canonical multicover 

jid — {{-B(x,e) : X £ X} : e > 0} consisting of covers by balls of fixed 
radius; 

• each topological group G with topology t carries four natural multicovers: 

— the left multicover = {{xU : a; G G} : 1 £ C/ G t}; 

— the right multicover = {{C/a; : a; G G} : 1 G C/ G t}; 

— the two-sided multicover ^JiLAR = {{Ux n xU : a; G G} : 1 G C/ G r}; 

— the Rolkc multicover ^lv_r, = {{UxU : a; G G} : 1 G [/ G r} . 

A multicovered space (X, /i) is centered if for any covers m, u G /i there is a cover 
w G n such that each w-bounded subset B C X is both u-bounded and u-bounded. 
We define a subset i? C X to be u-bounded with respect to a cover uoi X ii B C Uu' 
for some finite subfamily u' <Z u. 

Observe that all the examples of multicovered spaces presented above are cen- 
tered. Each multicover /i on X can be transformed into a centered multicover 
cen(//) consisting of the covers 

ui A • • • A ii„ = {Ui n • • • n [/„ : Vi < n Ui ^ Ui\ where mi, . . . , m„ G /i. 

From now on all multicovered spaces will be assumed to be centered. 

A multicovered space X is called u-bounded if each cover u £ fi contains a 
countable subcover u' C u. If, in addition, there is a cover w G /i such that each v- 
bounded subset of X is u'-bounded, then the multicovered space {X, fi) is properly 
u-bounded. 

By the cofinality ci{X,n) of a multicovered space {X,ii) we understand the 
smallest cardinality of a subfamily /z' C such that for every cover u £ jj. there 
is a cover u' G ji' such that each w'-bounded subset B <Z X is u-bounded. For 
example, the multicover of any metric space has countable cofinality. 

Multicovered spaces are objects of a category whose morphisms are uniformly 
bounded maps. We define a map f : X ^ Y between two multicovered spaces 
(X, /ijf) and (y, //y) to be uniformly bounded if for every cover v G there is 
a cover u G ijlx such that for every it-bounded subset B C X the image f{B) is 
t;-bounded in Y . Observe that every uniformly continuous map f : X ^ Y between 
uniform spaces is uniformly bounded with respect to the multicovers induced by 
the uniformities on X and Y, respectively. 

Two multicovers /ioi/^i on a set X are equivalent if the identity maps id : 
{X,hq) — > {X,fj,i) and id : (X, /ii) — > {X,hq) are uniformly bounded (and hence 
are isomorphisms in the category of multicovered spaces). 
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Proposition 2.1. A multicovered space {X, fi) is properly Lu-bounded if and only if 
II is equivalent to a multicover v on X consisting of countable disjoint covers. 

Proof. Suppose that /i is an equivalent to a multicover v oi X consisting of countable 
covers. Given any u G /z, we can find v G v such that each w-bounded subset of X 
is u-bounded. This means that for every V G v there exists uy G M^" such that 
V C Uuy. Set u' = Uvei, and observe that u' is a countable subcover of u such 
that each ii-bounded subset is M'-bounded. 

Let til G /Li be such that each ui-bounded subset of X is ti-bounded. Then each 
Mi-bounded subset of X is u'-bounded, and hence /u is properly w-bounded. 

Now, suppose that /i is properly cj-bounded. For every u G /i fix u' G [u]'^ and 
u" G /i such that Um' = X and each ^''-bounded subset of X is it'-bounded. A 
direct verification shows that the multicover /i' — {u' : u € fj,} of X is equivalent to 
fj,. Let us write u' in the form {J7„ : n Cz uj} and let Vn = Un\ Ui<n Vn, n ^ uj, and 
Vu = {Vn '. n G uj}. Then the multicover v — {vu : it G /i} of X is equivalent to /i' 
(and hence to n) and consists of countable disjoint covers. □ 

Sometimes we shall need the following obvious observation: 

Observation 2.2. // (centered) multicovers ^Lq and /ii of a set X are equivalent, 
then for every Uq C fj-o there exist (centered) submulticovers v'q C /io O'nd vi C 
equivalent to v'q such that i^q C Vq and < {i^qI < maxjli/ol, cj}. 

A multicovered space (X, fj.) is uniformizable if fi is equivalent to the multicover 

= {{Uix) -.xeXj-.UeU} 

generated by a suitable uniformity U on X (here for an entourage U € U hy 
U{x) — {y G X : (x,y) € U} we denote the ?7-ball centered at x). There is a simple 
criterion of the uniformizability of cj-bounded multicovered spaces. 

Proposition 2.3. An cu-bounded multicovered space is uniformizable if and only if 
it is centered and properly lu -bounded. 

Proof. To prove the "only if" part, assume that the multicover /i is equivalent to 
the multicover fiu generated by some uniformity U on X. Since the multicover iiu 
is centered, so is the multicover /i. Next, we check that fi is properly w-bounded. 

Given any u € fi, we can find an entourage U €U such that each [/-ball U (x) = 
{x' G A" : (x, x') G U} is u-bounded. Let G be an entourage such that V — V^^ 
andVoV CU. 

The w-boundedness of the multicover fi implies that of fiu. Consequently, there 
is a countable subset C C A such that Uxec^(^) ~ choice of the 

entourage U, there is a countable subfamily u' C u such that each J7-ball U(c), 
c G C, is u'-bounded. Observe that for every a; G A we can find c G C with 
X G V{c). Consequently, V{x) C V o V{c) C [/(c) C Uwy for some finite subfamily 

C u' . This means that each V^-ball V{x), a; G A, is ii'-bounded. 

Since the multicovers fi and fiu are equivalent, we can find a cover v G fi such 
that each u-bounded subset of A is {T^(a;)}a;gj)c-bounded and hence w'-bounded, 
witnessing that the multicovered space (A, fi) is properly w-bounded. 

To prove the "if" part, assume that a multicovered space {X,fi) is centered and 
properly cj-bounded. By Proposition 12. 1[ we can assume that the multicover fi 
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consists of countable disjoint covers. For every finite subfamily n' d n consider the 
entourage of the diagonal 

W^, = {{x, y)€XxX:yu€iJ.'3Ueu x,yGU}. 

Those cntoiiragcs generate a uniformity W on X such that the multicover /uyy 
consisting of W-uniform covers of X is equivalent to the multicover ^. □ 

Now we describe some operations in the category of multicovered spaces. 

Each subset A of a multicovered space {X, ji) carries the induced multicover fj. \A 
consisting of the covers u\A = {U Ci A : U G u}, u € ^. The multicovered space 
{A,ij,\A) is called a subspace of {X,fi). 

Each map f : X from a set X to a multicovered space {Y, jiy) induces the 
multicover f^^{ij) consisting of the covers ,f^^{u) = {f^^{U) : U S u}, u G fxy- 

For two multicovers no, Mi on a set X their meet is the multicover 

Mo A yUi = {u A u : u e /Uo, v G fii} 

where 

uAv = {UriV:Ueu, V ev}. 

The product X x y of two multicovered spaces {X,iJbx) and {Y^fiy) possesses 
the multicover 

Hx^ IJ-Y = {u^v : u & Hx, V G hy} where uMv = {U x V : U e u, V e v}. 

The obtained multicovered space {X x F, /xx ^ l-iy) is called the direct product of 
the multicovered spaces {X,iix) and (F, /uy). 

Besides the multicover fix Kl fiy on the Cartesian product X xY of multicovered 
spaces {X,fix) and (Y, fiy) there arc three less evident multicovers: 

• IJ.XXIJ-Y = {{U X V : U e u, V e vu} : u G jj-x, {vujueu C hy}, the 
multicover of the left semi-direct product, 

• fixXfiy = {{U xV:Vev,Ue uv} ■ V e fly, {uv}vev C Mx}, the 
multicover of the right semi-direct product, and 

• ^x^^I-^y = {I-I'X^I-I'y)/\{I-I'XXIJ'y), the multicover of the semi-direct product. 
The multicovered spaces 

XxY = {XxY,fj,x^l^Y), XxY = {XxY,hxXIJ'y), X c<iY = {X xY, fix^^l^v), 

are called respectively: the left semi-direct product, the right semi-direct product, 
and the semi-direct product of the multicovered spaces {X,iJ,x) and (F, /xy). 

The following proposition shows that the (semi) direct products respect the equiv- 
alence relation. 

Proposition 2.4. Let {(J-XtI^x) o-rid {^y,vy) be pairs of equivalent centered mul- 
ticovers of sets X and Y , respectively. Then jix ^ I^y , l^x x I^y , l^x x IJ-y, and 
fjbx CXI Mr are equivalent to vx^vy, vx ^ i^y, ^x^^i^, and ux ^i^y, respectively. 

Proof. We shall prove the equivalence of the multicovers nx x Mr and ux x vy. 

For the other pairs of multicovers the proof is analogous. 

In order to prove the uniform boundedncss of the identity map 

{X X r, MX x Mr) ^ (X X r, i^x X i'y), 

take any cover w G i/x x i/y and find a cover u G lyx and a family of covers 
{vu}ueu C vy such that w = {U x V : U G u, V G vu}- 
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Since the cover fj,x is equivalent to vx, there is a cover u' G fJ-x such that each 
it'-bounded subset of X is u-bounded. Consequently, for each U' G u' there is a 
finite subfamily uiji C u with U' C Uuiji. Since the multicover /iy is equivalent to 
the centered multicover i>y, there is a cover v'jj, G /ly such that each u^, -bounded 
subset of Y is Ufj-bounded for every set U G u'^, . Now consider the cover 

w' = {[/' X y : [/' G m', V G v'jj,} G MX X A'f 

and observe that each w'-bounded subset of X x F is w-bounded. 
Analogously we prove the uniform boundedness of the identity map 

{X xY,i^x vy) (X X r, MX X Mr)- 

□ 

The (semi-)direct product operations also respect the (proper) w-boundedness. 
This follows from Propositions 12.11 12.41 and Observation 12.21 above. 

Proposition 2.5. Let (X, /ix) o,nd (Y,mf) he two multicovered spaces. If the mul- 
ticovers /ix and iiy are (properly) u-bounded, then so are the multicovers /ix ^ MY; 
jjLx x My, Mx x MY; and /ix My on X x F. 

Finally we prove the following useful reduction lemma. 

Lemma 2.6. Let (X, mx) cind {Y, iiy) be two properly Lo-bounded multicovered 
spaces. For every countable subfamily m' C fix^fJ-Y there are countable subfam- 
ilies Mx ^ l^x and My C My such that the identity map id : (X x Y, Mx ^ My) ~^ 
{X X Y, m') is uniformly bounded. 

Proof. Observation 12.21 and Propositions 12. li 12.41 reduce the proof of the lemma 
to the case when mx and my consist of countable disjoint covers. Also, there is 
no loss of generality in assuming that m' = {^'^li where w = /\ wi for some 
Wo G Mx XI My and wi G Mx x my- In its turn, we can write wq and wi in the 
form = {J7 xV : V E v, U G uy}, where v G My and (uy)vei, G MxS and 
wi = {U X V : U G M, y G wjy}, where u G Mx and {vu)ui^u G My- Now, any 
countable centered Mx Mx and My C my containing {u} U {uy : y G w} and 
{v} U {t;(7 : ?7 G it}, respectively, are easily seen to be as asserted. □ 

3. F-Menger multicovered spaces 

The notions of a Menger or Scheepers topological space can be easily generalized 
to multicovered spaces. Namely, we define a multicovered space (X, m) to be Menger 
(resp. Scheepers) if for any sequence of covers {un)n£u> G m" there is a cover (resp. 
w-cover) (B„)„g(^ of X by u„-bounded sets i3„ C X , n G u. These two properties 
are particular cases of the F-Menger property of a multicovered space, where F is a 
suitable family of semifilters. 

By a semifilter we understand a family J- of infinite subsets of uj such that for 
each set A G T the free filter Ta — {B C oj : \A \ B\ < Hq} generated by A hes in 
T. Intuitively, sets belonging to a given semifilter can be thought of as large in a 
suitable sense. An evident example of a semifilter is any free (ultra)filer on lu. By 
SF we denote the family of all semifilters and by UF the subfamily of SF consisting 
of all free ultrafilters (so, UF = (3uj \ oj). More information on semifilters can be 
found in [5] and [3]. 

There is an important equivalence relation on the set of semifilters SF, called the 
coherence relation, which is defined with help of finite-to-finite multifunctions. 
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By a multifunction on lo we understand a subset $ C x cj thought of as 
a set-valued function $ : cj => w assigning to each number n G a; the subset 
$(n) = {m G w : (ri, m) e $} of lo. Each multifunction $ has the inverse <i>~^ = 
{(n, m) : {m,n) G $}. A multifunction $ : w =^ oj is called finite-to-finite if for 
every a € w the sets $(a) and $~^(a) are finite and non-empty. 

We say that a semifilter J- is subcoherent to a semifilter W and denote this by 
J- (B U if there is a finite-to-finite multifunction ^ : lo u such that = 
: F G JT} cU. A semifilters !F,U on ui are coherent (denoted by x iY) if 

<slA and lA <^ T . The coherence of semifilters is an equivalence relation dividing 
the set SF of semifilters into the coherence classes [JF] = G SF : W >; J-} of 
semifilters T. By Proposition 5.5.2 and Theorem 5.5.3 of [2], a semifilter T is 
coherent to a filter hi if and only if Lp{!F) = </5(Z^) for some monotone surjection 

: (jj — > It is consistent that all free ultrafilters on lo are coherent, see 6 . This 
statement, referred to as NCF (the Near Coherence of Filters) follows from u < g 
but contradicts the Martin Axiom, see [5]. 

Let F C SF be a family of semifilters. Following [4], we define an indexed cover 
{Un)neuj of a set X to be an F-cover if there is a semifilter g F such that for 
every x G X the set {n G w : a; G C/„} belongs to T. Observe that {Un)neu) is an 
w-cover if and only if it is an U F-cover. 

A multicovered space (X, /i) is said to be F-Men(7erif for each sequence {Un)neuj C 
/i of covers of X there is an F-cover {Bn)neuj of X by M„-bounded subsets i?„ C X, 
n G w. More information on F-Menger multicovered spaces can be found in f^. 

Proposition 3.1. A multicovered space X is Menger (resp. Scheepers) if and only 
if X is SV -Menger (resp. \Jf -Menger). 

Proof. The "if" part trivially follows from the definitions. 

To prove the "only if" part, assume that a multicovered space {X,ii) is Menger. 
To prove that it is SF-Menger, fix a sequence of covers {un)neuj G m'^- Since X is 
Menger, for every k G lo there is a cover {Bn.k)n>k of X by M„-bounded subsets 
Bn,k C X. It follows that for every n G lo the finite union _B„ = ljfc<n ^"^^ 
M„-bounded in X. We claim that {Bn)neuj is an SF-cover of X. Observe that for 
every point x G X and every k G lo the set {n > A: : a; G Bn ^.} is not empty. 
Consequently, the set {n G a; : a; G Bn} D Ufcewi"- > k : x G B^^k} is infinite 
and hence the family {{n G lo : x G Bn} : x G X} can be enlarged to a semifilter 
J- G SF, witnessing that {Bn)neLj is an SF-cover of X. 

If the multicovered sapce X is Scheepers, then the covers {Bn.k)neu], k G lo, 
can be chosen to be w-covers. This means that for any finite subset C A" and 
every k G lo the set {n > k : F G Bn^k} is not empty and consequently, the set 
{n G LO : F C Bn} D Ufeewi"- > k ■ F C Bn.k} is infinite. It follows that the family 
{{n G LO : X G Bn} : a; G A"} can be enlarged to a free ultrafilter T G UF witnessing 
that {Bn)neLo is an UF-cover of X. □ 

The F-Menger property behaves nicely only for relatively large families F C SF, 
containing together with each semifilter T all its finite-to-one images. We recall 
that a function (p : lo ^ lo is called finite-to-one if for each y G lo the preimage 
(p~^{y) is finite and nonempty. It is clear that each monotone surjection (/? : w — s- w 
is finite-to-one. 
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Given a family of semifiltcrs F C SF consider two its extensions: 
F, = y [T] and F^ = |J 

where J-i = {^{J') \ ip : lo —^ lo is a monotone surjection}. It is clear that 

F c Fi c F^. 

The following important lemma allows us to reduce the F-Menger property of 
centered multicovered spaces to the J^^-Menger property for a suitable semifilter 

Lemma 3.2. If a multicovered space {X,fi) with countable cofinality is f^-Menger 
for some family of semifilters F C SF, then {X, fi) is J-^-Menger for some semifilter 

Proof. Let {un)neuj G /i"^ be a witness for cf (X, ^) = uj such that each Un+i- 
bounded subset of X is u„-bounded. Since {X, ji) is F^-Menger, there exists € F, 
a finite-to-finite multifunction $ : a; and a cover {An)neuj of X such that each 

An is Un-bounded and ^{Mx) G J-, where Mx = {n G w : x G An}, x ^ X. 

Let {nm)mGuj be an increasing sequence of natural numbers such that uq — and 
"-m+i > 1 + max($ U <i>^^)({0, . . . , n„i}) for m E uj. It follows that n,n+i > m + 1 
and $([nm+i,«m+2)) C [n,n,nm+3) for every m £ uj. 

Set Cm = Une[n„_i 71^+3) ^^'^ notc that it is u„i-bounded. Let <p : uj lu 
be the monotone surjection such that (f>^^(m) = [n,n,nm+i)- We claim that {m £ 
oj : X £ Cm} e </>(^) for every x E X. For this sake we shall show that {m G w : 
X G Cm}* 3 <j){^{Mx))- Indeed, if n G Mx n [n,„+i, 71^+2) for some m G w, then 
(t>{^{n)) C {m,m+l,m + 2}. By the definition of C/s, A„ C U„eK.+i,«„+2) ^« ^ 
Cj for every j G {m, to + 1, m + 2}, which means that {to, to + 1, to + 2} C {to G 
w : a; G Cm}, and hence (l){^{Afx)) C* {to G w : x G Cm}- Thus {Cm)m£uj is an 
{</>(J?^) {-cover of X by it„i-bounded subsets. 

For every a: G X we denote by M'{x) the set {to G o; : x G Cm}- Given 
{vk)keu/ G /i'^, we can find an increasing sequence {mk)keu of natural numbers such 
that each UTOj.-bounded subset of X is Wfc-bounded. Let Bk = Ur?j.e[mfc mfc+i) ^"i 
and -0 : w ^ be such that ip^^{k) — [mk,mk+i)- By the definition of to^'s, _Bfe is 
Wfe-bounded. It follows from the above that 

for every x E X, and hence -0 ° is a witness for {Bk : k £ uj), being an J-"|-cover 
of X by tii:-bounded subsets, which completes our proof. □ 

Corollary 3.3. Let F C SF 6e a family of semifilters. A centered multicovered 
space X is F^ -Menger if and only if X is F| -Menger. 

Proof. Observe that a multicovered space {X, fi) is F^- (resp. F^-) Menger if and 
only if such is also (X, u) for every countable centered v <Z ^. We can now apply 
Lemma 13.21 □ 

Therefore for any semifilter T the [JF]-Menger and JF^-Menger properties of cen- 
tered multicovered spaces are equivalent. Of these two properties, the .7^|-Menger 
property is better for applications while the [J^]-Menger property is more convenient 
for proofs. 
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For any free filter T on uj the class of ^j-Menger spaces has the following nice 
inheritance properties: 

Theorem 3.4. Let T he a free filter on oj. Then: 

(1) Each subspace of an Ti-Menger multicovered space is J-i-Menger. 

(2) A multicovered space X is J-^-Menger if it can he written as the countable 
union X = IJ^g^^ An of J-'i-Menger suhspaces An C X, n € lu. 

(3) A multicovered space Y is -Menger if it is the image of an -Menger 
multicovered space X under a uniformly bounded surjective map f : X ^ Y . 

(4) The direct product X x Y of two J-i-Menger multicovered spaces is J-'i- 
Menger. 

(5) The meet fiQ A fii of two Ti-Menger multicovers fiQ and fii on a set X is 
J- 1 -Menger. 

Proof. (1) The first assertion is obvious. 

(2) To prove the second property, denote by /i the underlying multicover of X 
and fix any sequence of covers {um)rneu £ 1^'^ ■ 

For every n G w find a cover {Bn,m)meu) of the ^|-Menger subspace X„ C X by 
Mm-bounded subsets Bn,m C X such that 

{{m e w : cc e Bn,m} ■ X e Xn} e Tn 

for some semifilter JF„ G J-^. 

For every m G w consider the it„i-bounded subset Bn% = Uri<?ri ^n.m of X. We 
claim that 

{{m e a; : a; e Bm} : x e G Too 

where J-qo — Unew^"- Indeed, given any x ^ X we can find new such that 
X £ Xn and conclude that 

^co D Tn 3 {m > n : X £ Bn^m] C {m e w : x e i3,„} 

and thus {m £ uj : x £ B„^} £ T^o- 

We claim that JFqo £ \J'\ ■ It follows that for every n £ u) there is a finite-to-finite 
multifunction (f>„ : lu ^ lu with ^niJ'n) C It is easy to construct a finite-to-finite 
multifunction $ : w w such that for every n £ uj the inclusion C <f>(/c) 

holds for all but finitely many numbers k. Then for every n G w we get 

and thus ^{J-oo) C witnessing Too <e T. The inverse relation Too ^ T follows 
from T To C Too ■ 

Therefore the space X is [J^]-Menger and hence .F|-Menger by Corollarv l3.3l 

(3) Assume that X is an JF|-Menger multicovered space and \ei f : X ^ Y 
be a uniformly bounded map onto a multicovered space Y . To show that Y is 
JF|-Menger, fix a sequence of covers {un)neuj £ /^y- By the uniform boundedness 
of / there is a sequence of covers {vn)neui £ IJ-x such that for every n £ uj the 
image f{B) of any ?;„-bounded subset B C X is u„-bounded. Using the J^|-Menger 
property of X, find an J^|-cover {Bn)neui of X by w„-bounded subsets i?„ C X. 
Then each set f{Bn) is M„-bounded in Y. We claim that {f{Bn))nGui is an J^^-cover 
of Y. Since {Bn)neuj is an Ti-covei of X, there is a semifilter T' £ T^ such that 

{{n £lli : X £ Bn} ■.X£X]£T'. 
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Fix a point y (z Y and find any a; G / ^(y) (which exists by the surjectivity of 
/). Observe that x G i?„ implies y e f{Bn) and thus 

T' 3 {neu -.x <E Bn} C{neuj -.y e f{Bn)} 

and finally {n e : y e /(_B„)} G J^' £ JT^, witnessing that (/(-Bn)}„etj is an 
J^|-cover of Y. 

(4) Let {X,fix) and (F, /zy) be two J^j-Menger multicovered spaces. Since the 
^|-Menger and [^]-Menger properties are equivalent, it suffices to check that the 
direct product {X x Y, nx^fJ'Y) is [^]-Menger. Fix a sequence of covers {wk)k£uj £ 
{fix ^ fJ-v)'^ ■ For every k G uj we can write Wk in the form Wk — Uk Kl v^, where 
Uk G /ix and Vk G /iy. Without loss of generality, each Uk+i- (rcsp. Vk+i-) bounded 
subset is Uk- (resp. Vk-) bounded. Using the [.7^]-Menger property of X and F, find 
[JF]-covers {Ak)k£u and {Bk)k£ui of X and F respectively such that each Ak (resp. 
Bk) is Wfc-bounded (resp. Wfc-bounded). Find a finite-to-finite multifunction $ such 
that 

<I>({{n G w : a; G A„} : a; G X} U {{n G w : y G B„} : y G F}) C T. 

Let {nk)keuj be an increasing sequence of natural numbers such that uq — and 
nfe+i > max($ U $~^({0, . . . , nfe}) for k G uj. It follows that $([nfe+i, nfc+2)) C 
[nfc,nfc+3) for every fc G Set = U„G[«.,nfc+3) ^fc = U„e[„,,„,+3) ^n, and 
^(fc) = [ukjUk+s). We claim that the multifunction : cj cj is a witness for 
(A'j, X B'i.)k£uj being an [.f"]-cover of X x F. Indeed, let us fix (a;,y) G X x F 
and set Fx = {n e u; : X e An}, Fy — {n e lj : y £ Bn}, and F^ y — {k e lj : 
{x,y) G A'f, x B'^.}. It suffices to show that ^{F^) fl ^{Fy) C \l/(F2:,y). Given any 
TO G $(-Fx) n ^{Fy), find n^r G F^r and Uy G -Fj, such that to G $(^3;) n ^(riy). 
Let fc be such that m G By our choice of the sequence {nk)keuj, 

{nxjUy} C [nk,nk+3), and hence a; G C A'f. and y G i?„j^ C B'f., which means 
that k G Fx^y. By the definition of m G [nk+i,nk+2) C ^'(A;), which completes 
our proof. 

(5) The fifth property is a direct consequence of the previous ones. Indeed, 
consider the diagonal Ax = {(a;, a;) : x G X} of the product X x X endowed with 
the induced multicover fi = fii ^ fi2 \^x- It is easy to see that the map 

/ : (Ax,A*) (X, /io A^i), f : {x,x) x 

is uniformly bounded. By the fourth property, the direct product (X x X, /io ^ Mi) 
is jFj-Menger, and hence so is its subspace (Ax,/i). Finally, the third property 
implies that (X, fiQ A fii) is JF^-Menger as well. □ 

Corollary 3.5. Let F be a family of free filters and {X,fi) be an f ^-Menger mul- 
ticovered space. Then all finite powers of X are F ^ -Menger. In particular, the 
Scheepers property is preserved by finite powers. 

Proof. It suffices to prove that {X^,fi H /i) is F^-Menger (by induction this will 
imply that the powers X^ , n d uj, all are F^-Menger). Given a sequence {wn)neuj £ 
(/iK!/i)", write each cover Wn in the form u„Klu„, and set v = cen({un, v„ : n d uj}). 
Applying Lemma [3.21 we conclude that {X,i/) is [.F]-Menger for some J- £ f, and 
hence so is the square (X^, vMv) by Theorem l3.4r 4). It follows that there exists an 
[.F]-cover {Cn)n£uj of X^ such that each C„ is a ?i;„-bounded subset of X^, which 
finishes our proof. 



o-BOUNDEDNESS OF FREE TOPOLOGICAL GROUPS 



11 



The last assertion follows from the equivalence of the Scheepers and UF-Menger 
properties, proved in Proposition 13. II □ 

For ultrafilters T coherent to no Q-point, the fourth assertion of Theorem 13.41 
can be generalized to semi-direct products of J^^-Menger multicovered spaces. For 
this we shall need a characterization of such ultrafilters T in terms of the left 
subcoherence. 

Following [2j 10.2.1], we define a semifilter T to be left subcoherent to a semifilter 
U (and denote this hy T CU) if for every monotone unbounded f : uj ^ ui there is 

a fimte-to-finite multifunction $ : w w such that $(^) C U and $(n) C [0, f{n)] 
for all n G uj. By Proposition 10.2.2 [5], for two semifilters J-,U the relations 
!F C T U imply T C U. By Proposition 10.2.3 of [5], an ultrafilter is not 

coherent to a Q-point if and only if U CU. 

Theorem 3.6. // a free ultrafilter J- on uj is not coherent to a Q-point, then for 
any centered Ti-Menger multicovered spaces X, Y their semi-direct product X xiY 
is Ti-Menger. 

Proof. By definition, the multicover nx^fJ'Y of the semidirect product X c><Y is 
the meet 

of the multicovers of the left and right semi-direct products of the multicovered 
spaces {X,fix) and {Y,^y)- According to Theorem 13. 4r 5) and Corollarv l3.3i the 
J^|-Menger property of the multicovered space {X x Y, ix Mi') will follow as soon 
as we prove the [.7^]-Menger property for the left and right semi-direct products 
X X y and X X r. 

To prove the [J^]-Menger property of X x F, fix a sequence {wn)neuj G [fix x fJ-vY 
of covers oi X xY . It follows from the definition of the multicover jix x /ly that 
for every cover Wn there is a cover Un G fix such that for every zi„-bounded subset 
B C X there is a cover v £ /iy such that for every w-bounded subset D C Y the 
product B X D is w„-bounded. 

The [JF]-Menger property of the multicovered space (X, /ix) yields an [JTj-cover 
(Bn)nGuj of X by u„-bounded subsets Bn C Y. For every n G uj find a cover Vn G /^y 
such that for each u„-bounded subset D dY the product B^ x D is i(;„-bounded. 
Since (Y, /iy) is centered we can additionally assume that each f„_|.i-bounded subset 
of Y is u„-bounded for new. 

The [J^]-Menger property of the muticovered space {Y,^y) yields an [.F]-cover 
{Cn)neuj of Y by u„-bounded subsets C„ C Y. Since {Bn)nGu and {Cn)nGu are 
[jr]-covers, there are semifilters TxtJ'y G such that 

{{n euj : X e Bn} : x e X} C Tx and {{n e uj : y e C„} : y € y} C Ty- 

From J-'x <£ J- wc conclude that there is a finite-to-finite multifunction $ : cj 
such that <i>(jFx) C T. Since the coherence class [T] = [jTy] contains no Q- 
point, we can apply Propositions 10.2.2 and 10.2.3 of to conclude that JFy C J-. 

Consequently, there is a finite-to-finite multifunction : lu ^ uj such that 

'I'(.Fy) C J- and max^'(n) < min$([7i, +oo)) for all n G uj. 
It follows that vp^^ o cf>(n) C [n, oo) for all n G w. 
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Let Dn = Ume*-io*(™) ^™ every n euj. It follows from o ^{n) C [n, oo) 
that each set Dn is t^n-bounded. Consequently, the product i?„ x L)„ is Wn-bounded. 
We claim that x Dn)n£uj is an [JTj-cover of X x y . Given any pair {x,y) € X xY 
it suffices to check that ^{Fi^^ y-f) € T where F^^ y^ — {n ^ lu : {x,y) € Bn x Dn}- 
Consider the sets = {n ^ w : x & Bn} £ and Fy = {n ^ lo : n ^ C„} G JFy. 

The inclusion <^{F(x^y)) G will follow as soon as we check that $(F^)n4'(Fy) C 
^{F(^x,y))- Take any number m £ <f>(Fj:) n and find points n G $~^(m) n Fx 

and fc e vl/-i(r7i) n Fj^. It follows that k e o cf)(n) and thus y e Ck C Dn- 
Consequently, {x, y) G i?„ x _D„ and hence n e Ff^x.y)- ^ow we see that m G $(n) C 
'^'(^(i^.y)) and thus ^{Fx)r\'if{Fy) C This completes the proof of the 

[^]-Menger property of the left semi-direct product X t< Y- By CoroUarv 13.31 the 
space X t< Y has the J^^-Menger property. 

The same property of the right semi-direct product X yi Y can be proved by 
analogy. □ 

4. (Semi-)multicovered groupoids 

In this section we shall introduce a new mathematical object - a semi-multicovered 
groupoid - in which algebraic and multicover structures are connected. 

By a groupoid we shall understand a set X endowed with one binary operation 
- : X X X ^ X and one unary operation {■)~^ : X ^ X- 

Note that a groupoid X is a group if the binary operation is associative, X has 
a two-sided unit 1 and for every x X we get xx~^ = 1 = x~^x- However, the 
notion of a groupoid is much more general than one can expect. For example, each 
set X endowed with a binary operation ■ : X x X ^ X can be thought of as a 
groupoid whose unary operation (•)~^ : X ^ X is the identity. 

A subset ^ of a groupoid X is called a sub-groupoid oi X ii x-y G A and x~^ G A 
for all x,y <E A. We say that a groupoid X is algebraically generated by a subset 
A d X ii X coincides with the smallest sub-groupoid of X that contains the subset 
A. 

By a multicovered groupoid (resp. semi-multicovered groupoid) we understand a 
groupoid X endowed with a centered multicover /i such that the unary operation 
(•)~^ ■- X ^ X oi X \s uniformly bounded and the binary operation ■ ■- X x X ^ X 
of X is uniformly bounded as a function from {X x X, jj,) (resp. {X x X, fi \xi 
//)) to {X,fi)- It is clear that each multicovered groupoid is a semi-multicovered 
groupoid. 

Topological groups endowed with the two-sided multicover are typical examples 
of semi-multicovered groupoids. 

Proposition 4.1. A topological group G endowed with the two-sided multicover 
fJ-LAB. is a semi-multicovered groupoid- If G is commutative, then {G,^l/\r) is a 
multicovered groupoid. 

Proof- The second ( "commutative" ) part is fairly easy. Therefore we give the proof 
only of the first part. 

The uniform boundcdness of the inversion operation (•)~^ : G G trivially 
follows from the equality 

(xU n Uxy^ = U'^x-^ n x-'^u-'^ 

holding for any point x G X and any neighborhood J7 C G of the unit 1 G G. 
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To prove the uniform boundedness of the binary operation • : G ixi G — > G, we 
first prove that this operation is uniformly bounded as a map fi-om (GxG, /ii xi/ii) 
to {G,hl)- 

Given any cover u = {xU : x e G} £ fiL, find an open neighborhood [/i of 
1 such that Ui ■ Ui C U. Given any x e G, find an open neighborhood 14 of 1 
such that Vx ■ X C Ui. Set ui — {xUi : x & G} & and for every x G G set 
Vx = {y ■ Vx : y e G} ^ hl- It follows from the above that if A C G x G is 
{yVx X xUi : x,y £ G}-bounded, then -{A) — {a ■ b : {a,b) £ A} is u-bounded. 
Since u was chosen arbitrary, • : (G, /il) x {G, ^l) — * (G, hl) is uniformly bounded. 
In the same way we can prove that • : [G,^ii) x (G^iir) — > {G,fifi) is uniformly 
bounded, and hence • : G x G ^ G is uniformly bounded with respect to the 
multicovers (/i^ x ^j-l) ^ (pr x A'i?,) and /i^ A /i/f . Since the identity maps 

id : (G X G, /iiAfl A^la^r) (G x G, (^i? x /i^^) A (a^l x A^l)) 

and id : /ii A /i/j — > (J-lar are uniformly bounded and the composition of two 
uniformly bounded maps is uniformly bounded, the map 

• : (G X G, ular 1X1 Mlaa) ^ (G, A^LAfl) 
is uniformly bounded as well, which finishes our proof. □ 

5. The F-Menger property in (semi-)multicovered groupoids 

In this section we characterize the F-Menger property in (semi-)multicovered 
groupoids. We start with the cj-boundedness of groupoids. For topological groups 
the following proposition was proved by I. Guran 7 . 

Proposition 5.1. A semi-multicovered groupoid X is u-hounded if and only if it 
is algebraically generated by an Lu-bounded subspace A d X . 

Proof. The "only if" part is trivial. To prove the "if" part, assume that X is 
algebraically generated by an w-bounded subspace A C X. Let Aq — A and 
An+i = An U A~^ U {An ■ An) for n € Lo. By induction we shall show that each 
subspace An C X is w-bounded. 

This is clear for n = 0. Suppose that for some n £ w the subspace An is lo- 
bounded. The set A~^ = {a~^ : a G An} is w-bounded, being the image of the 
w-bounded multicovered space A under the uniformly bounded map (•)~^ : X X. 
By Proposition 12. 5| the semidirect product An M An is w-bounded and so is its 
image An ■ An C X under the uniformly bounded binary operation • : X txi X —> X. 
Consequently, the subspace An+i — An U U {An ■ An) is tj-bounded, being the 
finite union of cj-bounded subspaces. 

Now we see that the space X is w-bounded, being a union of w-bounded subspaces 
An, n € uj. □ 

The following two theorems characterize the F-Menger property in (semi-) multi- 
covered groupoids. 

Theorem 5.2. Let F = F| be a family of free filters onui. A multicovered groupoid 
X is f-Menger if and only if it is algebraically generated by an f-Menger subspace 
AcX. 

Proof. The "only if" part is obvious. To prove the "if" part, suppose that some 
F-Menger subspace A of X algebraically generates X. First assume that the mul- 
ticovered space X has countable cofinality. In this case we can apply Lemma [321 
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to conclude that the multicovered space A is JF|-Menger for some filter e F. Let 
Aq — A and An+i = An U A~^ U {An ■ An) for n £ uj. By induction we shall show 
that for every n € oj the multicovered subspace An of X is JF|-Menger. 

This is clear for n = 0. Assuming that for some n the space A„ is J^|-Menger, 
we can apply Theorem [3]4j3) and the uniform boundedness of the inversion {■)^^ : 
X ^ X to conclude that the subset A^^ of X is J^|-Menger. Since the multicovered 
space An is J^|-Menger, we can apply Theorem 13. 4f 4) and conclude that the direct 
product An X An is ^|-Menger. Now the uniform boundedness of the multiplication 
■ : X X X ^ X implies that the image An ■ An of An x An is JFj^-Menger and so is 
the union An+i — An U A-'^ U {An ■ An) according to Theorem [33t2). 

By Theorem l3.4f 2'). the union Uneo; Ti-Mengei . The latter union coincides 
with X because X is algebraically generated by A. Therefore the multicovered space 
X is JFj^-Menger. Since C = F, the space X is F-Menger. 

Now we consider the general case (of arbitrary cofinality of X). Let /i be the 
multicover oi X. To prove that {X,^) is F-Menger, take any sequence of covers 
{un)neu> G m'^- Using the uniform boundedness of the multiplication and inversion 
it is easy to find a countable centered subfamily /i' C /i such that {un}neu] C /i' 
and the operations • : {X x X,^' x fi') (X,^'), (•)^^ : {X,ii') {X,fi') are 
uniformly bounded. 

Since the identity map id : {X, /i) {X, /i') is uniformly bounded, the F-Menger 
property of {A,fj,\A) implies the F-property of {A,fj,'\A). Since the multicovered 
space {X,ii') has countable cofinality, the preceding case guarantees that {X,^') 
is F-Menger because the multicovered groupoid {X, ji') is algebraically generated 
by the F-Menger subspace A C (X, /i'). Consequently, for the sequence {un)n£uj S 
(/x')" there is an F-cover {Bn)n&w by u„-bounded subsets Bn C X. This verifies 
that the multicovered space (X, /i) is F-Menger. □ 

A similar result also holds for semi-multicovered groupoids. 

Theorem 5.3. Assume that a family F = F| of free ultrafilters on oj contains no Q- 
point. A semi-multicovered groupoid X is F-Menger if X is algebraically generated 
by an F-Menger subspace A <Z X and one of the following conditions holds: 

(1) F C [T] for some T G F; 

(2) The multicovered space X has countable cofinality; 

(3) The multicovered space X is properly u -bounded; 

(4) The multicovered space X is uniformizable. 

Proof. (1) Assume that F C [T] for some T £ F. Replacing the direct products 
in the proof of Theorem 15.21 by semi direct products and applying Theorem 13.61 
instead of Theorem l3.4r 4) we can show that X is F-Menger. 

(2) If the multicovered space X has countable cofinality, then by Lemma [5T^ the 
F-Menger property of A implies the JF|-Menger property of A for some ultrafilter 

G F. By the first case, the multicovered space X is JF|-Menger and consequently 
F-Menger. 

(3) If the multicovered space X is properly oj-bounded, then we can repeat the 
argument of the proof of Theorem 15. 2[ replacing direct products with semi-direct 
products everywhere and applying Theorem 13.61 instead of Theorem 13.4^ 4). The 
existence of /z', which was straightforward for direct products, now follows from 
Lemma 12.61 
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(4) Assume that the niulticovered space X is uniformizablc. The subspace A C 
X, being F-Menger, is w-bounded. By Propositions 15. II and 12.31 the uniformizable 
space X is (properly) w-bounded. Now the previous case completes the proof. □ 

Theorems 15. 2[ 15.31 and Proposition 13.11 imply the following characterization of 
the Scheepers property in (semi-) niulticovered groupoids. 

Corollary 5.4. A multicovered groupoid X is Scheepers if and only if X is alge- 
braically generated by a Scheepers subspace A a X. 

Corollary 5.5. If no Q-point exists, then a semi-multicovered groupoid X is Scheep- 
ers provided X is algebraically generated by a Scheepers subspace A G X and one 
of the following conditions holds: 

(1) Any two ultrafilters are coherent; 

(2) The multicovered space X has countable coflnality; 

(3) The multicovered space X is properly uj-bounded; 

(4) The multicovered space X is uniformizable. 

Note that the first condition of Corollary 15.51 is nothing else but the NCF prin- 
ciple. Recall that no Q-points exist under NCF. 

6. The F-Menger property in topological groups 

In this section we apply the general results proved in the preceeding section 
to studying the F-Menger property in topological groups. According to Proposi- 
tion |4?ll each topological group G endowed with the two-sided multicover ^lar is 
a semi-multicovered groupoid. Now we can apply Corollaries 15.41 and 15.51 in order 
to prove: 

Corollary 6.1. Let F = Fj be a family of free filters on lu. An abelian topological 
group G endowed with the two-sided multicover (J-laB. is f-Menger if and only if the 
group G is algebraically generated by an f-Menger subspace A C G. 

Corollary 6.2. Assume that a family F = F| of free ultrafilters on lo contains no 
Q-points. A topological group G endowed with the multicover (J-laR is f-Menger if 
and only if the group G is algebraically generated by an f-Menger subspace A C G. 

Corollary 6.3. // no Q-point exists, then a topological group G endowed with the 
multicover ^laR is Scheepers if and only if the group G is algebraically generated 
by a Scheepers subspace A C G. 

The Q-point assumption cannot be removed from Theorems 13.61 15.31 and Corol- 
laries [531 [6?2l and l6.3l To construct a suitable counterexample, consider the home- 
omorphism group i?(R+) of the half-line K+ = [0, oo), endowed with the compact- 
open topology. This group will be considered as a semi-multicovered groupoid 
endowed with the two-sided multicover iilar- 

Theorem 6.4. (1) The semi-multicovered groupoid iJ (M+) is not Menger and 
hence not Scheepers. 
(2) For every Q-point T there is an Ci-Menger subspace A C (iJ(M-)-), /iiAfl) 
generating the group -ff (K+) in the sense that H(K^) = Ao Ao Ao A. 
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Proof. We recall that the compact-open topology on H = H{R+) is generated by 
the base consisting of sets of the form 

[f,n] = {gGH:yx<n {\f{x) - g{x)\ < 2"")}, 

where f & H and n G u). Let J7„ = [idR^,n]. The family : n G w} is a local 

base at the neutral clement idK+ of H and /7^_|_i C Un- 

(1) The failure of the Menger property of the multicovered spaces {H, Ular) and 
{H, ^l) will follow as soon as we show that H ^ Unew ° ^» ^^r every sequence 
{Fn)n£uj of finite subsets of H. Given such a sequence, put o„ = max{/(n-|- 1) : / G 
Fn} + 1. For every n € lo and {f,g) G Fn x Un we have f{g{n)) < f{n + 1) < a„. 
Let h & H he the piecewise linear map such that h{n) = a„. It follows that 

(2) In order to prove the second assertion it suffices to find a sequence {Kn)neu} 
of finite subsets of H such that the set 

(U nt^"^")n(U n^r^Kr^y' 

LeCneL LeCneL 

generates H. Let us consider a sequence {Kn : n e w) of finite subsets of H such 

that Kn = K-^ and W„ := {/ e i? : Vx < n (\x < f{x) < 3x)} C KnU'^ H UnKn 
for all n G UJ. We claim that this sequence is as required. Indeed, let us note that 

( IJ fl UnKn){^{ U fl UnKn)-^ = U fl UnKn H KnUn^ => U H 
LeCneL LeCneL LeCneL LeCneL 

Let us fix /i G such that h{x) > x for all x > 0. Since £ is a Q-point, there exists 

L = {Li : ?■ G cj} G £ such that Iq > 3 and > 2/i(Zj + 1) for all i E oj. Now let (f> 
be the piecewise linear function such that (^{li) — 'Sh — 1/2 and + 1) = Slj+i — 1 
for all i. It is clear that (f) G OneL Then h{x) < {(j) o (j)){x) for every a; > 0. 
Indeed, fix x > 0. The following cases are possible. 

a) X G [li.li + 1) for some i. Then (i){x) > 3li - 1/2 > k + 1, hence (t>{(t>ix)) > 
4>{U + 1) > 3Zi+i — 1 > h+i, and consequently (^(0(x)) > h{li + 1) > h{x). 

b) X G [h + Then (/)(x) > ZU+i — 1/2 > Zj+i + 1, and hence 4>{(j){x)) > 

+ 1) = 3li+2 - 1 > li+2 > h{li+i) > h{x). 
Thus /i(x) < (j){(j){x)) for every x. Consequently (f)~^{x) < o h){x) < 0(x), 
which means that (f)^^ o h G HneL and hence h = (f) o (f)~^ o /i g (HneL ° 
(HneL ^n)- It suffices to note that the set of all h G H such that h{x) > x for all 
X > generates H. □ 

7. Topological monoids and (semi-)multicovered binoids 

Looking at the results of the preceding section the reader can notice that among 
four canonical multicovers /Ul, ijr, ular, I^lvr on topological groups, we distin- 
guished one: the two-sided multicover Ular- The reason is that the inversion 
operation is uniformly bounded with respect to this multicover. This is not true 
anymore for the multicovers /xl and To treat topological groups endowed with 
those multicovers we will simply forget about the inversion operation and think of 
groups as sets with a binary operation. Such algebraic structures are called binoids. 

More precisely, a binoid is a set endowed with a binary operation • : X xX ^ X. 
If this operation is associative, then X is called a semigroup. A semigroup with a 
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two-sided unit 1 is called a monoid. It is clear that each group is a monoid. Each 
binoid X, endowed with the identity unary operation 

{■)-':X^X, {■)-': x^x, 

becomes a groupoid. So all the results about groupoids concern also binoids. 

By a multicovered binoid (resp. semi-multicovered binoid) we understand a bi- 
noid X endowed with a multicover fi making the binary operation ■ : X x X 
{X, ii) oi X uniformly bounded with respect to the multicover fiMfi (resp. fi [xs ji) on 
X xX. Each (semi-)multicovered binoid can be thought of as a (semi-)multicovered 
groupoid with the identity unary operation. 

Let us now return to topological groups and observe that they are examples of 
topological monoids. By a topological monoid we understand a monoid X endowed 
with a topology r making the binary operation ■ : X x X —f X oi X continuous. 
The four multicovers considered earlier on topological groups can be equally defined 
on topological monoids. 

Namely, for each topological monoid {X, r) we can consider: 

• the left multicover /xl = {{xU : x e X} : 1 G C/ G r}; 

• the right multicover /i^j = {{Ux : x e X} : 1 G ?7 G r}; 

• the two-sided multicover ^j,l^r — {{UxCi xU : x G X} : 1 G J7 G r}; 

• the Rolke multicover fJ,LvR — {{UxU : x G X} : 1 G C/ G r}; 

• the multicover /x^ A ^ir. 

Let us observe that each left shift la '■ X X , la '■ x t-^ ax, is uniformly bounded 
with respect to the left multicover fi^. Similarly, all the right shifts are uniformly 
bounded with respect to the right multicover /ifl. 

For each commutative topological monoid the multicovers fiL, ^-r and hl^r 
coincide while hlvr is equivalent to ^jll^r and to /il A/ifl,. For topological monoids 
the multicover fiL^^fJ-R. is more important than (J-lar (which is equivalent to fiL^fJ-R 
in topological groups). 

If {X, t) is a topological group then those multicovers are generated by suitable 
uniformities on X. The same is true for w-bounded topological monoids. 

Proposition 7.1. Let X be a topological monoid endowed with a multicover fi G 
{f-L, f-Rj IJ-L f-Rj l^LAR, l^-LvR.} ■ If the multicovered space {X,iJ,) is uj -bounded, then 
it is properly lj -bounded and hence is uniformizable. 

Proof. Assume that the multicovered space (X^fi^) is oj-bounded. To prove that 
it is properly w-bounded, fix any cover u ^ and find a neighborhood U d X oi 
the unit 1 G X such that u = {xU : x G X}. By the continuity of the semigroup 
operation at 1, there is a neighborhood V (ZU oil such that VV C U . Consider the 
cover V = {xV : x G X} E ^il- By the w-boundedness of the multicover /i^ there is 
a countable subset C d X such that X — CV. It follows that u' = {cU : c G C} 
is a countable subcover of u. We claim that each w-bounded subset of X is u'- 
bounded. It suffices to check that for every x d X the set xV is w'-bounded. Since 
CV = X, there is a point c G C such that x G cV. Then xV C cVV C cU € vl . 
Thus the multicover /zl is properly w-bounded and, being centered, is uniformizable 
according to Proposition 12.31 

The proof of the fact that the oj-boundedness of [lr implies its proper oj-bounded- 
ness is completely analogous. 
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If the multicovcr /iL A /i^ is w-bounded, then the multicovers hl and ^lr are 
(properly) w-bounded and so is their meet ^il A fjbR. 

Concerning the multicovers ijll/\r and ^ilvr, one just has to make a minor 
changes in the proof above. We demonstrate this on ular- Suppose that |IL^R is 
w-bounded. To prove that it is properly w-boundcd, fix any cover u G /^lah and 
find a neighborhood U C X of the unit 1 € X such that u = {xU fl Ux : x € X}. 
By the continuity of the semigroup operation at 1, there is a neighborhood V C U 
of 1 such that VV C U. Consider the cover v = {xVnVx : x S X} e fiLAR- By the 
w-boundedness of the multicover ular there is a countable subset C G X such that 
X = Ucec ^ follows that u' = {cU (1 Uc : c £ C} is a, countable subcover 

of u. We claim that each t;-bounded subset of X is w'-bounded. It suffices to check 
that for every x £ X the set xV fl Vx is u'-bounded. Since X = IJ^gf; cV n Vc, 
there is a point c G C such that x G cV Ci Vc. Then xV C cVV C cU G u' 
and Vx C VVc C Uc G u' , and consequently xV fl Vx C cU DUc, and hence is 
u'-bounded. □ 

Now wc shall detect multicovers on topological monoids turning them into 

(semi-)multicovered binoids. 

Proposition 7.2. Each commutative topological monoid X endowed with any of 
the equivalent multicovers ^l, (j-r, ^■L/\^iR, MiAiJ or fiLwR is a multicovered binoid. 

Proof. The commutativity of X easily implies that all of these multicovers are 
equivalent. Therefore it is enough to check that (X, /i^) is a multicovered binoid. 
Given u G Hl, write it in the form {xU : x € X} for some open neighborhood U 
of 1, and find V B 1 such that V -V cU. Set w = {xV : x G X} G hl- In order 
to prove that the operation • : (X x X, fi^M /i^) {X, fi^) is uniformly bounded 
we need to show that {xV) ■ (yV) is u-bounded for arbitrary x,y G X. Since X is 
commutative, xVyV = xyVV C xyU G u, which finishes our proof. □ 

For non-commutative topological monoids the situation is a bit more compli- 
cated. Let us define a point x G X oi a topological monoid X to be left balanced 
(resp. right balanced) if for every neighborhood U C X of the unit 1 of X there is 
a neighborhood V C X of 1 such that Vx C xU (resp. xV C Ux). Observe that x 
is left balanced if the left shift : X ^ X , l^ : y ^ xy, is open at 1. 

Let Bl and Br denote respectively the sets of all left and right balanced points 
of the monoid X. 

A topological monoid X is defined to be left balanced (resp. right balanced) if 
X = Bl ■ U (resp. X — U ■ Br) for every neighborhood U C X of the unit 1 in 
X. If a topological monoid X is left and right balanced, then we say that X is 
balanced. 

Observe that the class of balanced topological monoids includes all commutative 

topological monoids. 

Proposition 7.3. If a topological monoid X is balanced (resp. left balanced, right 
balanced), then X endowed with the multicover A jiR (resp. ^il, Hr) is a semi- 
multicovered binoid. 

Proof. Assume that a topological monoid X is left balanced and let Bl be the 
set of left balanced points of X. We shall show that the semigroup operation 
■ : {X X X, IJ.L Xi III) {X,ij.l) is uniformly bounded. 
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Given any cover u G /ii, find a neighborhood Uq C X of the unit 1 of X such 
that u = {xUa : x G X}. By the contimiity of the operation at 1, there is a 
neighborhood W C X oi 1 such that WWW C Uq- The monoid X, being left 
balanced, is equals to Bl ■ W. So, for every y € X we can find a left balanced point 
by £ Bl such that y G byW. The left balanced property of by allows us to find a 
neighborhood Wy C X of 1 such that Wyby C byW. 

Now consider the cover v = {yW : y € X} and for every set F G u find a point 
y € X with V — yW and consider the cover uy = {xWy : x G X} G iil- Set 
w = {U X V : V € V, C/Gmv}g^lXMl- The uniform boundedness of the 
operation ■ : {X x X, hl yi ^l) ^ {X, fiL) will follow as soon as we show that for 
every set U x V E w the set U ■ V is ?i-bounded. Find y & X with V = yW and 
X & X with U = xWy. Now we see that 

U -V = xWyyW C xWybyWW C xbyWWW C xbyUa e u. 

By analogy we can prove that if the topological monoid X is right balanced, 
then X endowed with the multicover fiR is a semi-multicovered binoid. 

Now assume that the topological monoid X is balanced. Since X is both left 

and right balanced, the maps • : {X x X, ji^ \xi /i^) {X, hl) and • : {X x X, jin xi 
fjLfi) — > [X, iin) are uniformly bounded, and hence so is the map 

■ : {X xX, ix ml) a {^iR CXI hr)) {X, iil A hr). 
Taking into account that the identity map 

id : (X X X, {nL A hr) ixi (/xl A hr)) ^ {X x X, {hl ^ Hl) A {/ir /ir)) 
is uniformly bounded, we see that so is the map 

■ : {X xX, {nL A hr) Dx] {ixl A ixr)) -> (X, /xl A hr). 

□ 

A typical example of a topological monoid is the semigroup uj^ of all maps from 
w to w endowed with the Tychonov product topology. The semigroup operation on 
uj^ is given by the composition of functions. 

Besides the five multicovers generated by the algebraic structure, the monoid 
w'^ carries the product multicover jip on w". It consists of the uniform covers 
Un = {[s] ■ s G w"}, n € u>, where [s] = {y £ u'^ : y\n = s} (we identify n 
with {0, ...,n — 1} and write f[n] for {/(O), . . . , /(n — 1)}). Observe that the 
multicover coincides with the multicover fXp generated by the (standard) metric 
p{x,y) = inf{2~" : x{n) = y{n)} on u)'^. 

The following proposition characterizes left and right balanced points in the 
topological monoid u)'^. We define a function f : oj ^ u to he eventually injective 
if the restriction f\{Lu \ n) is injective for some n G w. 

Proposition 7.4. An element f G ut'^ of the topological monoid lo'^ is 

(1) left balanced if and only if the function f is bounded or surjective; 

(2) right balanced if and only if f is constant or eventually injective. 

Proof. (1) To prove the "if" part of the first assertion, consider two cases. 

la) Suppose that / is bounded and fix m G cj. Set M = maxrng(/) + 1. 
We claim that [idfM] o / c / o [idfm]. Indeed, a direct verification shows that 

[idrM]o/ = {/}c/o[idrm]. 
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lb) / is surjective. Let us fix to e uj. We claim that [id|"/(TO)] o / c / o [id I'm]. 
Indeed, fix 5 G [id|"/(TO)], for every k > m find h{k) such that f{h{k)) = g{f{k)) 
(it exists by the surjectivity of /), and set h\m = id [to. Then g o f = f o h and 
h G [id [to], and consequently go f g f o [id [to], which means that / is left balanced. 

To prove the "only if" part suppose that / is unbounded and there exists p G 
to \ rng (/). We claim that [id[M] o / ^ / o for aU M G lu. Indeed, given M 
find n Q LU such that f{n) > M and set g{f{n)) = p and g\{u) \ {/("-)}) = id. Then 
p G rng {g o /) but p ^ rng (/ o h) for all h, and consequently g ° f ^ f ° lo^ , which 
finishes our proof. 

(2) To prove the "if" part of the second assertion consider two cases: 
2a) / G is constant, i.e. there exists no G such that /(n) = riQ for all 
n. Let us fix TO G w and set M = to. We claim that / o [idfA/] C [idfTO] o /. 
Indeed, for every g G [id[M] and n G a; we have (/ o g)(n) — ng = f{n), and hence 
f°9 = f = '^'i°f^ [id[m] o /, and consequently / is left balanced. 

2b) / is eventually injective. Let us fix m E lu and find AI > to such that 

(to U /(M)) n /([Af, +00)) = 0. 

We claim that / o [idfM] C [id[m] of. Fix 5 G [id[M] and for every k > M 
set h{f{k)) = f{g{k)). Since /[[M, +cx)) is injective, this well defines a function 
h : /([Af, +00)) LU. Extend h to the function on lu by letting h{l) = I for all 
I ^ f{[M, +00)). The choice of M guarantees that h G [id[TO]. A direct verification 
shows that f o g — h o f , which finishes the proof that / is right balanced. 

To prove the "only if" part suppose that / is not constant and for every n E lu 
there are distinct m,l > n such that f{l) = f{m). Let us fix p, q G a; such that 
/b) 7^ /(«)■ We claim that / o [id[Af] ^ o / for aU M G uu. Given M G find 
distinct r,l > AI such that f{l) = f{r) and set g{r) = p,g{l) — q, and g{n) = n 
otherwise. Then (/ o g){r) ^ ifog){l), while {h o f){r) = {ho /)(/) for all /i G w", 
and consequently f o g ^ lo^ o /, which finishes the proof. □ 

We are now able to prove that the topological monoid is balanced. We recall 
that a multicovered space {X, /i) is called totally bounded if X is u-bounded for every 
cover u G /i. In this case we also say that the multicover /i is totally bounded. It 
is clear that any two totally bounded multicovers on a set X are equivalent. 

Proposition 7.5. (1) The topological monoid lu^ is balanced. 

(2) The multicover fin is totally bounded. 

(3) The multicovers fiL and fiL A fiR are equivalent to the product multicover 
fip. 

Proof. (1) Fix m £ LU and x G uj'^ . 

In order to prove that is left balanced we need to find a left balanced y € lu'^ 
and g G [id[m] such that x = y o g. Let g be any injection with \uj \ rng {g)\ — lu 
and g\m = id [to. Define y [rng 17 by y{g(k)) — x(k) (the correctness follows from 
the injectivity of g) and extend y onto lu in such a way that rng (y \lu \ rng (g)) — lu. 
Being surjective, j/ is a left balanced according to Proposition 17. 4[ g G [id[m], and 
x = yog. 

Next, we prove that lu'^ is right balanced. We need to find a right balanced 
y G and g G [id[m] such that x = g o y. Set y\m = x\m^ F = mU x[m], and 
g\F — id. Let y\[m, +00) be an injection into lu \ F and g\LU \ F be such that 
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g{y{k)) = x{k) for all k > m. It follows that y is eventually injective, g G [idfm], 
and X — g o y. By Proposition 17. 4| y is right balanced. 

(2) In fact, for every n there exists f & uj'^ such that [id\n\ o / = ui'^ . Indeed, 
any injection from to into [n, +oo) is obviously as required. 

(3) Since x o [idfrn] C [x\m] G Um, the identity map id : {uj'^,^l) ('-^'^jMp) is 
uniformly bounded. To show that id : {lo^ , ^p) — + is uniformly bounded 
we need to prove that for every n G w there exists m G w such that [s] is {x o [id \n\ : 
X G w'^}-bounded for all s G w™. We claim that m = n is as required. Indeed, let 
us fix s G uj" and define x G letting x\n = s\n and extending it onto lo in such 
a way that rng +oo)) = w. Given ?/ G [s], for every k > m find /i(fc) such 
that y(fc) = x{h{k)) (this is possible by the definition of x) and set h\m = id|"TO. It 
follows that y = X o h ^ X o [iA\n]. Since y was chosen arbitrary, we conclude that 
[s] C X o [id \n\ , which finishes our proof of the equivalence of ^.p and /i l ■ 

Since jiR is totally bounded, /xl A /x_r is equivalent to hl and hence to /Xp as 
well. □ 

Other natural examples of balanced topological monoids arise from paratopo- 
logical groups. We recall that a paratopological group is a group G endowed with a 
topology r making the group operation continuous. The following statement is a 
direct consequence of Propositions 17.21 and 17.31 

Corollary 7.6. (1) Each abelian paratopological group G endowed with the 
multicover fj,L /\ fJ-R is a multicovered binoid. 
(2) Each paratopological group G is a balanced topological monoid and endowed 
with one of the multicovers hl, or fJ-L/^t^R is a semi-multicovered binoid. 

8. The F-Menger property in topological monoids 

In this section we shall characterize the F-Menger property in topological monoids. 
Combining Proposition 17. 21 with Theorem 15.21 we get the following corollaries: 

Corollary 8.1. Let F = F^ be a family of free filters on lo. A commutative topo- 
logical monoid X endowed with the multicover fi^ A fiR is f-Menger if and only if 
X is algebraically generated by an f-Menger subspace A d X . 

Corollary 8.2. A commutative topological monoid X endowed with the multicover 
fJ-L A fiR is Scheepers if and only if X is algebraically generated by a Scheepers 
subspace A <Z X. 

The analogous results for non-commutative topological monoids follow from 
Propositions 15. 1[ 17. li and 17.31 and Theorem 15. 3r 3). 

Corollary 8.3. Assume that a family F = F| o/ free ultrafilters on to contains 
no Q-point. A balanced (resp. left balanced, right balanced) topological monoid X 
endowed with the multicover /i^ A ^r (resp. fiL, I^r) is f-Menger if and only if the 
monoid X is algebraically generated by an f-Menger subspace A C X . 

Corollary 8.4. // no Q-point exists, then a balanced (resp. left balanced, right 
balanced) topological monoid X endowed with the multicover fi^ A fiR (resp. fi^, 
(ir) is Scheepers if and only if X is algebraically generated by a Scheepers subspace 
AcX. 
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9. Characterizing the F-Menger property in free topological groups 

We are now in a position to present the proof of Theorem 1 1.21 which is a special 
case of Corollary 19. 21 

We define a topological space X to be F-Menger if such is the multicovered 
space {X,^o) where /io is the multicover consisting of all open covers oi X. If 
the space X is Lindelof, then the multicover /io is equivalent to the multicover 
consisting of the uniform covers with respect to the universal uniformity of X, see 
[171 Corollary 15]. The multicover is equivalent to the multicover consisting of 
the covers {Bd{x) : x e X} by 1-balls with respect to all continuous pseudometrics 
d on X . 

Theorem 9.1. Assume that a family F = F| of free ultrafilters on uj contains no 
Q-point. For a Tychonov space X the following conditions are equivalent: 

(1) All continuous metrizahle images of X are f-Menger; 

(2) All continuous Lindelof regular images of X are f-Menger; 

(3) The multicovered space {X, ^u) is f-Menger; 

(4) {F{X),ijllar) is f-Menger; 

(5) is f-Menger; 

(6) is f-Menger; 

(7) (F(X),/iLvfl) is f-Menger; 

(8) {A{X),^j.lar) is f-Menger. 

Proof. The implications (4) ^ (5, 6) => (7) => (8) are straightforward. 

The implication (8) (3) follows from the fact that the restriction to X of 
the natural uniformity of A{X) coincides with Ux [S] and the F^-Mengerness is 
preserved by taking subspaces, see Theorem 13. 4f l). 

(3) ^ (2). Let f : X ^ T he a. continuous map onto a Lindelof space T. 
Then / is uniformly continuous with respect to the universal uniformities Ux and 
Ut, and hence uniformly bounded with respect to the multicovers /z^x and hut^ 
and consequently the multicovered space {T.iiut) is F-Menger by Theorem l3.4f 3). 
Applying [ITl Corollary 15], we conclude that the multicovers /iot and p^Ur of T 
are equivalent, and consequently T is F-Menger as a topological space. 

The implication (2) ^ (1) is trivial. 

(1) (3). Suppose that {X,^u) is not F-Menger and fix a sequence {Un)n&Lu £ 
such that {Un{Kn))n&Lu is an F-cover of X for no sequence {Kn)n£uj of finite 
subsets of X. Let d be a continuous pseudometric on X such that {{x, y) : d{x, y) < 
1/n} C Un and Y be the quotient-space of X with respect to the equivalence relation 
a; = ?/ <-> d{x, y) = 0. A direct verification shows that K is a metrizable image of X 
which fails to be F-Menger. 

(3) =^ (4). Assume that the multicovered space [X^jiu) is F-Menger. Consider 
the canonical embedding i : X ^ and observe that it is uniformly bounded 

as a map from {X,^u) into {F{X), ^lar)- By Theorem 13.4^ 3). the image i{X) C 
F{X) is F-Menger and so is the semi-multicovered group (F{X), iil^j^) according 
to CoroUarylO] □ 

Corollary 9.2. Assume that there is no Q-point. For a Tychonov space X the 
following conditions are equivalent: 

(1) All continuous metrizable images of X are Scheepers; 
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(2) All continuous Lindeldf regular images of X are Scheepers; 

(3) The multicovered space {X,^u) is Scheepers; 

(4) {F{X),fiLAR) is Scheepers, ■ 

(5) /iivfl) is Scheepers, ■ 

(6) {A{X),^L^ii) is Scheepers; 

(7) all finite powers of F{X) area-bounded; 

(8) F{X) is o-bounded; 

(9) A{X) is o-bounded. 

Proof. The equivalence of the conditions (l)-(6) is a special case of Theorem 19.11 
for F = UF. The implications (7) (8) and (8) => (9) are obvious. Concerning 
(9) ^ (1), it follows from Theorem ll.il Finally, the implication (4) ^ (7) follows 
from Proposition 13.51 □ 

Remark 9.3. In spite of the example from Theorem 16.41 we do not know if Theo- 
rem [23] is true for all families F Fj of ultrafilters (in particular, those containing 
Q-points). 
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